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Abstract 

We present a determinant expression for a family of classical transcendental solutions of the 
Painleve V and the Painleve VI equation. Degeneration of these solutions along the process of 
coalescence for the Painleve equations is discussed. 

1 Introduction 

It is known that each of the Painleve equations (except for Pj) admit two classes of classical solutions. 
One is classical transcendental solutions expressible in terms of special functions of hypergeometric type. 
Another one is algebraic or rational solutions. It is also known that such classical solutions are located 
on special places from a viewpoint of symmetry of the affine Weyl group as a Backlund transformations 
group of each Painleve equation. The rough picture is that classical transcendental solutions exist on 
the reflection hyperplanes of the affine Weyl group and algebraic (or rational) solutions do on the fixed 
points with respect to the Backlund transformations corresponding to automorphisms of the Dynkin 
diagram. 

In this paper, we concentrate our attention on the classical transcendental solutions. One of the 
important features of these solutions is that they can be expressed in terms of 2-directional Wronskians 
or Casorati determinants whose entries are given by the corresponding special function of hypergeometric 
type. In fact, such determinant expressions for Pn, Piii and Piv have been presented [T^IT^ ISII^. 

The aim of this paper is to present a determinant expression for a family of classical transcendental 
solutions of the Painleve V equation 



dt"^ \2q q-lj\dtj t dt 2^2 \ qj ^ 2{q-l)' 

which is equivalent to the Hamiltonian system 

, dH , dH , d 

with the Hamiltonian 

H ^qiq-lfp-" -[Koiq-lf + 9q{q-l)+tq]p + K{q-l), 

(1.3) 

K = i(Ko + 0)2-iK^, 
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and the Painleve VI equation 



cPq 1 fl 1 1 \ fdqY /I 1 ^ \ dq 



df^ 2 \q q-l q-tj\dtj \t t-l q - 1 J dt 



q{q^l){q-t) 



2i2(i-l)2 

which is equivalent to the Haniiltonian system 



2 2 * 2^-1 /)2n^(*- 1) 



(1.4) 



/ dH , dH , , . d , 



with the Hamiltonian 

H^q{q- l){q - t)p' - [Ko{q - l){q - t) + Kiq{q - t) + {9 - l)q{q - l)]p + n{q - t), 



K=i(K0 + Kl+6l-l)2-iK2 



(1.6) 



respectively. 

Let us explain how to construct a family of classical transcendental solutions of the Painleve equations. 
As an example, we take Pn : 

|| = 2,3-2„ + 2(„ + l), (1.7) 

which is equivalent to the Hamiltonian system 

with the Hamiltonian 

H = -p^ - {q^ ~ t)p + aq. (1.9) 

If a = 0, the right-hand side of the second equation of (|1.8|) is divisible by p. This means that Sn admits 
the specialization of p = if a = 0. The first equation of H1.8|l yields the Riccati equation q' = —q^ + 1. 
Setting q — (log(^)', we get a linear equation Lp" — tip, which is nothing but Airy's differential equation. 
Thus, we find that Pn admits, when a = 0, the 1-parameter family of special solutions expressed by a 
rational function of the Airy function and its derivative. 

Let introduce the r-function via the Hamiltonian (|1.9|) as H{a) = (log r(Q;))'. Then, it is known that 
a sequence of the r-functions t„ = T{a + n) (n € Z) satisfies the Toda equation 

Tn+lTn-l ^ T^T^ - {r'^f, (1.10) 

which corresponds to the Backlund transformation 

2a 

a^a-l, q^-q-— — 5 7. (1.11) 

q' + q-' ~ t 

We iterate the Backlund transformations to the above Riccati solution to obtain a family of classical 

transcendental solutions. What we have to do is reduced to solving the Toda equation (|1.1U|) with the 
initial conditions 

T_i = 0, ro = l, Ti=ip. (1.12) 
Therefore, we have the following proposition jl2| . 
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Proposition 1.1 (Okamoto) We define the functions r„ (n g Z>o) hy 



(0) 

(1) 



,(1) 



{2n~2) 



dt 



(1.13) 



where ip is the general solution of Airy' s differential equation ip" = tip. Then, 

Tn+lTn-l 



d , Tn+l 

at T„ 



P - 



a = n, 

gives a family of classical transcendental solutions of Su. 



(1.14) 
(1.15) 



By the similar procedures, it is possible to obtain a determinant expression for a family of classical 
transcendental solutions to Py and Pyi, which are presented in Section |21 and |21 respectively. As is well 
known, Pyi degenerates Py, . . ., Pi by successive limiting procedures (14||2j. In section^ we discuss the 
degeneration of the family of classical transcendental solutions. 

2 Classical transcendental solutions of the Painleve V equation 
2.1 The symmetric form of the Painleve V equation 

First, we summarize the symmetric form of the Painleve V equation [71|S|. The symmetric form of Py 
is given by 



/o = /o/2(/i - fi) + Q ^ /o + ao/2. 



/( = /i/3(/2-/o) + 

/2 — /2/o(/3 — fl) + 



"sj fi +0:1/3, 

"0 I /2 + 0:2/0, 



rft' 



(2.1) 



fs = /3/l(/0 - /2) Oij /3 + 03/1, 

with the normalization conditions 

Oo + Oi + Q!2 + 03 = 1, /o + /2 = /l + /3 = Vt. 

The correspondence to the canonical variables and parameters of Sy is given by 

fd 1 
q = --r, P= ^/i(/o/i +00), 
Jl vt 

and 

'«oo = ai, Ko = 03, 6' = a2 - Oo - 1, 
respectively. The Backlund transformations of Py are described as follows, 

Si{ai) = -ai, Si{aj)^aj + ai (j=i±l), Si{aj) ^ (j7^i,i±l), 



Si{fi) — fi, 



s.,{fj)^f,±^ (j=*±l), s,if,) = f, {j^t,i±l), 



(2.2) 

(2.3) 
(2.4) 

(2.5) 
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where the subscripts i — 0,1,2,3 are understood as elements of Z/4Z. The Hamihonians hi of the 
system (|2.1|) are given by 



"0 — Jonhh H /o/i H /1/2 

3ai + 2Q;2 + a3 „ „ - 2a2 - 0:3 „ „ , (ai + aa)^ 
/2/3 H -, J3/0 H 



^353(7-3) _ 1 riSi(ri)soS i(Ti) 
TiSi(ti)' 'r2'^3 



rpkrplrpm/ f \ ' fc , / ,m ' fe+2 , / + 1 ,771 + 1 rpkrrtlrpm/ r \ 



(+1, 771+1 Tfe+l,;, 771 Tfe^;^mTfe+i^i+l_m 
rrkrrilrTim/ r \ ^k+l ,1 + 1 .niTk+l ,1 .m+l rrkr^lrrmir \ 'Tk+l,l + l,m+lTk,l,m-l 

and 



-ikrplrpm^^'j _ Tk+l,l + l,m+lTk,l,m~l jikrplrpm ^^-^ _ 1 ''"fc+l,i,mT"fc^;-|-i^m''"fc+2,i+2,77t + l 

"^fc + 1 , / , 771 '^/C , ^ + 1 , 777 

( + I,777'''fe+1'' + 1>™ + 1 



(2.6) 



and hi = 7r*(/io)- Then, we have 

Si{hj) = hj {i ^ j), Si{hi) ^ hi + Vt , ■K{hi)^hi+i. (2.7) 
Introducing the r-functions as 

/i7 = (logr,)', (2.8) 
we find that the Backhmd transformations for the r-functions are described as 

S7(t,)=Tj (i^j): 57(7-7) = /i '^'"^^'^^ , ■n{Ti)=n+i. (2.9) 
The canonical variables of Sy are recovered from the r-functions by 



'3J3V'3; ^ 'jj'i v'lyjuj'iv'iy (0 1(\\ 



Let us define the translation operators Ti by 

Ti=7rs3S2Si, 12 = Si7rs3S2, T3 S2Si7rs3, To = S3S2Si7r, (2-11) 
which commute with each other and act on parameters ai as 

Ti{ai-i) = + 1, Ti{a^) = - 1, T:,(a-,) = {3 ^ i - 1, i)- (2-12) 
Noting that T1T2T3T0 = 1, we set 

Tk,i,m = T^T^TS'iTo), k,l,me Z. (2.13) 
Then, from and (|TTn|) . we have 



(2.14) 



respectively. It is possible to derive the Toda equation with respect to each translation operator. For 
the Ti-direction, we have 



1 

Tfc + l,i,777'''fc_l,i,777 — 



Vt 



„ 3ai + 2a2 + - 3k + I + m 
(l0gTk,l,,n) H -. 1 



(2.16) 
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2.2 A Riccati solution 

If ao = 0, the right-hand side of the first equation of 12.1|l is divisible by /o- This means that the system 
(|2.1|) admits the specialization of /o = if ao = 0. Then, setting /i = Vtf, we see that / satisfies a 
Riccati equation 

/'=t/(l-/)-(ai+«3)/ + ai. (2.17) 

By the dependent variable transformation f — — log ip, we have for f the linear equation 

at 



^ = 0, (2.18) 



which is nothing but the confluent hypergeometric differential equation. We set ai = a and = c — a, 
and impose "non-integer conditions" on them appropriately. The general solution of H2.18|l is expressed 

by 

^ - ^) F{a, c; t) + C2— \— -/-^F{a - c + 1,2 - c;t), (2.19) 

1(c) sm7r(c — a)l (2 — c) 

where F{a,c;t) denotes Kummer's confluent hypergeometric function, and Ci {i — 1,2) are arbitrary 
complex constants. For simplicity, we denote 

=F(a + *,c + j;t), g,^, ^f-^-^F{a-c+l+t~j,2~c-j;t) (2.20) 

By using the contiguity relations of Kummer's function, we obtain the following proposition. 

Proposition 2.1 We define the functions (pij by 

r(a + i)r(c — a — i + j) 1 

fi,J = Ci — /ij + C2-. . , .^-p.„ T5ij. (2.21) 

L[c + j) smn[c— a — I + j)i [2 — c~ J) 

Then, 

(/o,/i,/2,/3) = ( 0, ) , (ao,ai,a2,a3) = (0, a, 1-c, c-a), (2.22) 

and 

q — '—, p — 0, Koo — a, kq ~ c — a, 9 — ~c, (2.23) 

give a Riccati solution of the symmetric form of Py and the Hamiltonian system Sy, respectively. 

2.3 A Determinant formula for a family of classical transcendental solutions 

First, we calculate the Hamiltonians and t- functions for the Riccati solution in Proposition 12. II Under 
the specialization (|2.22|) . the Hamiltonians and r- functions are calculated as 

, (^0,0 2a-c + 2 c2 2a-c-l (c-l)2 

fin — 1 H , /li — ~ 1 H , 

4 4' ^ 4 4 ' ^^^^^^ 

2a -c c2 , 2a-c+l (c-l)^ 
h, = h,^ 
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and 



To = To,o,o = V^o.o ^""'^^ exp I - 



T2 = Ti,i,o = t ' exp 



2a- c + 2 



i , Tl — Tl,0,0 = ^ 



- /(c-l)V4 



exp 



2a - c - 1 



2a — c 



M ' T3 Tl 



So(to) = T24,l = 0, Si(ti) = To,l,0 = <Pi,it 



exp 



2a - c + 3 



-t 



(2.25) 



S2 



S3 



(r3) = ro,o,-i = ^o.i^^'+'^'/'exp(^- 



2a - c + 1 



up to multiplication by some constants, respectively. For small k^l^m, we observe that Tk^i^m are ex- 
pressed in the form 



2a- c + 2-3k + l + m 



(2.26) 



ith 



0-2,;,™ = 0, (Ti,i,,„ = const., do^i,™ = (const.) x V3i^;_,„. (2.27) 
Assume that Tk^i^m are expressed as (|2.26|l for any k,l,m E Z. Then, the Toda equation (|2.1t)|) yields 



Moreover, we set 



'^k,l,m — i^k,l,mPk,l,m, ^k,l,m — '^fcj,m(a, c) , 

with pl.i.rn = 1 and pa^i^m — ^i.i-m, and impose that the constants ujk,i,m satisfy 

2 

^k+l,l,m^k-lj,m — ^k,l,m- 

Then, the functions pk,i,m are determined by the recurrence relation 

Pk+l,LmPk-l,Lm = Pk,LmPk,Lm — {p'kj,mf ^ 

with the initial conditions 

P2d,m = 0, Pl,;,TO = 1, Pt)d,m — Vl,l~m- 

By Darboux's formula, the functions pi~n,i,m for n e Z>o are expressed as 



(2.28) 
(2.29) 

(2.30) 

(2.31) 
(2.32) 



Pl — n,l,m 



(0) (1) _ (n-1) 
^1,1— m ^IJ — m ^1,1— m 

(1) (2) _ , (n) 



(") 



(2n-2) 



(2.33) 



Note that the constants ujk,i.m are determined by the recurrence relations 12.30|l and 

Wl,i + l,mWl,i-l,m = -(a + I - i Wl,i,m+lLJl, = [c - a - m)ujfj„^, 

^0,; + l,m'^0,;-l,m = ^(a + I — l)^0,i,m' l^0,i,m+1^0,i,m-l = (c — a — 1 — "l)a;Q ; 



(2.34) 
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with the initial conditions 

1^1,0,0 = ^14,0 = t^l,0,l = ^1,1,1 = Ij 
1^0,0,0 = ^Q,1,Q = t^O,0,-l = ^0,1,-1 = 1- 

Since it is possible to set I ~ m ^ without loss of generality, we obtain the following theorem. 
Theorem 2.2 We define the functions t^^ by 



(2.35) 



' n 


(0) 
11. J 


(2) 


(n-1) 

(") 




(n-1) 


(") 


(2n-2) 



(fc) 



dt 



(2.36) 



where ifij are given by \2.21}) . The 



1 T, 



0,0 1,0 
n+l'''ri-l 



^0,0^1.1 



n 1,0 0,0 

,^1,1,^0,-1 
= "0 "1 ' f3 = Vt 



P _ n 'n 'n+1 
,/l — V t Q i , 



c — a — I 
c — a 



n ^1,0^0,1 



1,1 0,0 ' 



'n 'n+l 

(ao, ai, a2, aa) = (— n, a + n, 1 — c, c — a), 



1 \ n _1,0 0,1 
\ ^n+1 



a 



0,0 1,1 



P - 



. _o,o„ia 2,1 

1 + 1,1 1,1 1,0 ■ 
C - a - i t Tn Tn T„' 



'n 'n+l 

«^oo = a + 71, Ko = C — a, = — C + 71, 



(2.37) 

(2.38) 

(2.39) 
(2.40) 



give a family of classical transcendental solutions of the symmetric form of Py o,nd the Hamiltonian 
system Sy, respectively. 



Remark 2.3 Noting that we have from \2.'T\) 

r- Ui d s^in) 

Vt — =t—\og , 

Ji dt Ti 

which lead us to another expression of the solutions in Theorem \2.'/A For example, we obtain 



(a + n) 



t—loe 



1,1 

0,0 



c-t. 



h dt _ 

Remark 2.4 The symmetric form of Py admits the following symmetry a: 
ait) = -t, 

<jifo) = V^f2, <j{f2) = V^fo, a{fi) = V^fu (t(/3) = \/^/3, 
o-(ao) = ^2, o'(a2) = ao, cr(ai) = ai, cr(a3) = as. 



(2.41) 



(2.42) 



(2.43) 



The application of a to the family of solutions in Theorem \2.2\ gives another family of solutions expressed 
in terms of F{a,c;—t). 
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3 Classical transcendental solutions of the Painleve VI equation 

3.1 The symmetric form of the Painleve VI equation 

Here, we give a brief review of the symmetric form of the Painleve VI equation We set 

fo^q~t, /3 = g-l, fi^q, h^P, (3.1) 

and 

ckQ — 0, ai — Koo, as — Ki, a4 = kq. (3.2) 
Then, the Hamiltonian is written as 

H = /I/0/3/4 [(ao - 1)73/4 + 0:3/0/4 + a4/o/3]/2 + 02(01 + 02)/o, (3.3) 

with 

oo + oi + 2a2 + 03 + 04 = 1, (3.4) 
and the Hamilton equation (|1.5() is written as 

fi = 2/2/0/3/4 - (oo - l)/3/4 - O3/0/4 - 04/0/3, 

f'2 = -{kh + kfA + hfi)fl (3.5) 

+ [(00 - l)(/3 + U) + Mfo + U) + O4(/0 + h)]f2 - 02(01 + 02). 

The fundamental Backlund transformations of Pyi are given in Table ^ We define the Hamiltonians 
{i = 0,1,2,3,4) as 

/io=-ffo + ^, hi = s<i{Ha) ft.3 = S6(i?o) + ^, hi = S'j{Ho), /i2 = /ii + si(^i), (3.6) 
where an auxiliary Hamiltonian Ho is given by 

Hq ^ H + ^[1 + 4aia2 + 4:al - (03 + a^)'^] + ^[{ai + a^f + {03 + a4)^ +4a204]. (3.7) 
Introducing the r-functions as 

K = (logr,)', (3.8) 
we find that the Backlund transformations for the r-functions are described as follows, 

St{Tj)^Tj {i^j, i,j = 0,1,2,3,4), 

/X /."^a n g ^^ / ^ "^2 , ^ f2 T0T1T3T4 (3-9) 

Si{n) = S^— (1 = 0,3,4), Si(Ti) = — , S2(r2) — = , 

55: TQ^ [t(t-l)]3Tl, n ^ [t(<- l)]-3ro, 

T3^i-3(t-l)3T4, T4^ti{t~l)-iT3, (3.10) 

T2 ^ [tit-l)]-^for2, 

S6 : To^it*T3, T3 ^ -it 4ro, n ^ t 4T4, T^-^t^Ti, T2 ^ t 2/4T2, (3.11) 
ST. ro^ (-l)-t(i-l)iT4, T4^(-l)t(<-l)-iTo, 

ri^(-l)i(i-l)-^r3, r3^(-l)-i(t-l)Jri, (3.12) 

T2 -i{t - 1)^5/3X2. 



Table 1: Backlund transformations of Pyi 





ao ai a2 a^ a^ 


h f2 


So 

Sl 
S2 

S3 
S4 


—ao ai a2 + ao a^ a^ 
ao —ai a2 + ai as a^ 

ao + a2 ai + a2 — a2 a^ + a2 Q^4 + ct2 
ao «! a2 + as —as a^ 
ao ai a2 + a^ as —a^ 


f J. ao 

74 72 7- 

70 

/4 /2 

.14: + J2 

.12 

74 J2- -f- 
73 

f f 

H .12 — 7- 

U 


S5 

se 

S7 


a\ ao a2 a^ as 
as ai a2 ao ai 
ai as Q!2 0.1 ao 


.h /o(/2/o + a2) 
/o t{t-l) 
t h{hf2 + a2) 

h t 

fo fz{fzf2+Ol2) 

h t-i 



Let us define the following translation operators 

(3.13) 



2^13 = S1S2S0S4S2S1S7, r40 = S4S2S1S3S2S4S7, 
r34 = S3S2S0S1S2S3S5, Ti4 = S1S4S2S0S3S2S6, 



(3.14) 



which act on parameters aj as 

ri3(ao,ai, a2,a3, a4) = (ao,ai,a2, a3,a4) + (0, 1,0, -1, 0), 
T4o(ao,ai,a2,a3,a4) = (ao, ai, a2, a3, a4) + (-1,0,0,0, 1), 
T34(ao,ai,a2,a3,a4) = (ao, ai, a2, a3, a4) + (0,0,0, 1,-1), 
Ti4(ao,ai,a2,a3,a4) = (ao, ai, a2, a3, a4) + (0, 1, -1,0, 1). 

Note that the action of these operators on r-functions is not commutative. For example, we have 
^13740(^0) = -TioT-is{To), Tl3T34(ro) = -ir34ri3(To), 

'ri3T'i4(To) = zTi4Ti3(to), T4oT34(to) = lT34r4o(To), (3.15) 
T4oT'i4(ro) = -iTi4T4o(To), r34Ti4(To) = iTi4r34(To). 



Setting 
we have 



Tfc ; . 



^T[\r^lfi^fUTo), k,l,m,nGZ, (3.16) 



T^,f^^fi,f^,{fo) = -itiit-l)i 



'^k,l,m,n'^k — 1.1 — 2. m—l.n-\-l 
"^fe — 1 , Z — 1 , m — 1 , n ^fc , / — 1 , m , n + 1 



'^fc — — l,m — l,n^fe,i — l,m,n+l 

rrn/f-ran^l /f-k / f \ ,1 Tk,l-l,m,nTk-l,l-l,m-l,n+l 
-'14-' 34 -'40-' 13 (74 J = , 

'^fc— — l,m— l,n'^fc,/ — l,m,n+l 

rri-n n^ni^l n^k / r \ u ^ \ — ^ '^k—l,l — l,m—l,n'^k,l — l,m^n-\-l^k-\-l^l,m^n—l 

-'l4-'34-'40-'l3U2j = -[t - ^) ^ ■ 

'k,l,m.,n'k,l — l,m—l,n'k,l — l,m,n 



(3.17) 
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It is possible to derive the Toda equation with respect to each translation operator. For the Ti4-direction, 
we get 



1 

= -t^2 



(t - l)^(l0gTfc_;^„j_„) - [log Tk^l,rn,n) H h - 



T-2 

k,l,m,n ■ 



(3.18) 



3.2 A Riccati solution 

If q;2 = 0, it is possible to specialize /2 = 0. Then, the Hamilton equation (|3.5|l yields 

fi = -("0 - l)/3/4 - 03/0/4 - 04/0/3, (3.19) 
which is equivalent to a Riccati equation 

q' = aiq^ + [{a^ + a4)t + (ag + 04 — l)]q — a^t. (3.20) 

We set 

ao = ai ^ a, as = c — a, 04 = 6 — c + 1, (3.21) 
and impose "non-integer conditions" on them appropriately. By the dependent variable transformation 



aq^-—~{h+l)t + c, (3.22) 



we have for ip the linear equation 



- + [(a + & + 3)i - (c + 1)]^ + (a + 1)(6 + 1)<^ = 0, (3.23) 

which is nothing but the hypergeometric differential equation. The general solution of H3.23|l is expressed 

by 

r(a + i)r(6 + i) , 

r(a-c + i)r(&-c + i) , , , , ^ ' 

+C2— ^ . '-t-'F{a - c + 1, 6 - c + 1, 1 - c; i , 

r(i -c) 

where F(a,b, c;t) denotes Gauss's hypergeometric function and (i — 1,2) are arbitrary complex 
constants. For simplicity, we denote 

fm — Pi"- + k,b + l,c + m; i), 

_ (fc,Z,meZ). (3.25) 

9m =t^ " "''F{a -c+l + k-m,b-c+l + l-m,2-c-m;t) 

By using the contiguity relations of Gauss's hypergeometric function, we obtain the following proposition. 
Proposition 3.1 We define the function (pk,i.m by 

r(a + fc + i)r(b + / + 2) k+u+2 

^k,Lrn-C, r(c+m+l) 

T{a-c+l + k-m)r{b-c + 2 + l-m) k+ii+2 

r(i-c-m) ^"+1 • 

Then, 

r ,V-l,-2,-l f , „ ^-1,-1,-1 „ „ 

70 = , /3 = (c-a) , /4 , /2 = 0, 

'fo,-iS) ^0,-1,0 Vo,-i,o (3.27) 

ao = — fo, Q!i = a, 0:3 = c — a, = b — c + 1, 
gives a Riccati solution of the symmetric form of Pyi • 
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3.3 A Determinant formula for a family of classical transcendental solutions 

First, we calculate the Hamiltonians and r-functions for the Riccati solution in Proposition 13. II Under 
the specialization (|3.27l) . the Hamiltonians are calculated as 



h, ^ A,{t - 1) + B,t, (i = 0,l,3,4), 



with 





{a- 


hb- 


c + 




{a- 


h6- 


c? 




{a- 


h6- 


c + 











\2 , 1 



i(a + 6 - c+ 1)2 -i(a- 6)2-1, B, = \ia + b - c + 1)^ + ^ 



Bi = \{a + b-cf+ 1 



Then, we have 



T,=t^'{t~lf\ S2S,{t,)^0 (1 = 0,1,3,4), 



+b-c+l) 



+b-c+l) 



(3.28) 
(3.29) 

(3.30) 
(3.31) 



up to multiplication by some constants. For small k,l,m,n, we observe that Tk_i^m,n are expressed in 
the form 



_ .-i(a+6-c+2n)^-i(a-6-n)^+n(b+n)-^ri(n-l)^, _ -,\i(a+6-c+2n)^ + i 



with 



ffe,;,™,-! = 0, (Tfe,;,„i,o = const., cTfc^j^m^i = (const.) x (^fe^z^m, 



(3.32) 



(3.33) 



where we denote 



d = a + k, b = b + l + l, c = c + m. (3.34) 
Assume that Tk^i.m,n are expressed as H3.32|l for any k, l,m,n E Z. Then, the Toda equation H3.18|l yields 

(^k,l,m,n+lO'k,l,m.,n-l = — [{^'^ <7k,l,m,n)o'k,l,m,n — ((^Cfc.i.m.n)^] , ^ ^ ^' 

Moreover, we set 



^k,l,m,n — ^k,l,m,nPk,l,m,n7 ^k,l.m,n — ^k,l.ra,n{p^ib^ c) ^ 

with pk.i,m.o = 1 and pk.i,m.i = fk,i,m, and impose that the constants ujk,i,m,n satisfy 

_ 2 

^k,l,m,ii+l^k,l,m,n-l — ^'-^k.l,m.n- 

Then, the function pk,i,m,n are determined by the recurrence relation 

Pk,l,m,n+lPk,l,m,n—l — (0 Pk,l,m,n )pk,l,,n,7i - {Spk,l,7n,n) , 

with the initial conditions 

Pk,l,m,-1 = 0, Pk,l,m,Q = 1, Pk,Lm,l = 'Pk,l,m- 

By Darboux's formula, the functions Pk,i.m,n for n G Z>o are expressed as 



(3.35) 
(3.36) 
(3.37) 

(3.38) 

(3.39) 



Pk,l,: 



(0) 


(2) 


(n-l) 
^k.l,m 

(n) 
^k,l.m 


(n-l) 


(n) 
^k,l,m 


(2n-2) 
^k,l,'m 



(i) 



t- ) ^k, 



(3.40) 



11 



Note that the constants ujk,i.m,n are determined by the recurrence relations (|3.37|) and 

^k+l,Lm,i^k~-l,Lm,i — ia{c — a)ujf.i^^,^, 

^k,i+i,,n,i^k,i-i,7n,i = -ib{c - b)ujl i „^ i, [i = 0, 1) 

^k,Lm+l,i^k,l,7n-l,i = (c — a) (c — h)uj1i .^ ^, 

with the initial conditions 

W_i^_2, -14 = (-1)^35, t^0.-2,-l,l = fe, W-1 -1,-1,1 = 1, ^0,-1,-1,1 = (-1)"^, 

3 3 

^^-1,0,0,1 = -(-1)"* (c - a), Ci;o,o,o,i = -i, w-i^-i,o,i = -«(c - a), wo,-i,o,i = (-1)" * , 
and 

W_l,_2,-1,0 = t^0,-2,-l,0 = ^-1,-1,-1,0 = 1, ^^0,-1,-1,0 = (-1)"', 

3 3 

w-1,0,0,0 = (-l)"'(c- a), wo,o,o,o = 1, t^-1,-1,0,0 = c- a, a;o,-i,o,o = (-1)"^ ■ 
Since it is possible to set fc = Z = m = without loss of generality, we obtain the following theorem 



(3.41) 



(3.42) 



(3.43) 



Theorem 3.2 We define 


the functions r^''^™ 


by 


k.l.ra 


(0) 


^k,Lm 
(2) 

^k,l,ra 


(n-l) 
^k.l.m 

in] 
^k,l,m 




(n-l) 


(n) 
^k,l,ni 


(2n-2) 
^k,l,m 


where (pk,i,m given by ^3.26]). 


Then, 




fo 


„0,0,0_-l -2,-1 
_ I, n 'n+1 


/3 = (C 


-1, 
Tn 


-1,-1 0,-1,0 
'''n+1 


h 


_o,-i,o_-i -1,-1 

_ 'n 'n+1 
~ -1,-1,-1 0,-1,0' 
''n+1 


/2 = at" 



(i) 
^kl. 



tj] Vk,,m, 



(3.44) 



,0,-1, -i_-i -1,0 

1 'n 'n+1 



'n 'n+1 

0,-1,0 1,0,0 
'^n ' ' ''"n+1 ''"n-l 

0,0,0 0,-1,-1 0,-1,0 ' 
Tn Tn 



(ao, ai, a2, as, ua) = {—b, a + n, —n, c — a, b — c + 1 + n) , 
gives a family of classical transcendental solutions of the symmetric form of Pyi- 



(3.45) 



(3.46) 



4 Degeneration of classical transcendental solutions 

It is well known that, starting from Pyi, one can obtain Py, . . ., Pi by successive limiting procedures in 
the following diagram [Till^. 



Pvi 



Py - 
i 

Piv 



Plll 
i 



Pi, 



(4.1) 



which corresponds to the degeneration diagram of the special functions of hypergeometric type 

Gauss — > Kummer — > Bessel 

i i (4.2) 

Hermite- Weber — > Airy. 

In this section, we show that, starting from the family of special function solutions of Pyi given in 
Theorem 13. 21 we obtain classical transcendental solutions to other Painleve equations by degeneration. 
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4.1 From Pyi to Py 

As is known, the Hamiltonian system Syi is reduced to Sy by putting 

t^l-et, £"1+61 + 1, e^-e~^, (4.3) 

and taking the hmit as £ ^ 0. Let us consider the degeneration of the family of classical transcendental 
solutions given in Theorem l3.2l It is known that Pyi admits an outer symmetry as 

(734 : as ^ a4, t ^ 1 - 1, -/s, /2 ^ -/2- (4.4) 

The application of 1734 to the family of solutions in Theorem 13 . 21 gives another family of solutions for the 
parameters 

(ao: cti, a2, 0:3, 0:4) = (—6, a + n, — n, — c + 1 + 71, c — a), (4-5) 

or 

too = a + n, Ko=c — a, ki=6 — c+l + n, = —6. (4-6) 
Then, it is easy to see that by putting 

t^et, 6 = £~\ (4.7) 

Syi with 1)4.6(1 is reduced to Sy with 

too = a + n, Kg = c — a, = — c + 7i, (4-8) 

in the limit as £ — > 0. It is obvious that Gauss's function F{a,b, c;t) is reduced to Kummer's function 
F{a, c; t) by this process. Thus, we get 

'fk,l,m £"'r"\c - a - fc + m)ipk+l,m+l, (4.9) 

where (pij are given by (|2.21|l . Note that we redefine the constants ci and C2 appropriately. It is easy 
to see that we have 

^k,l,m _^ ^^i„p_„^^ - a - fc + m)r^+l^'"+l. (4.10) 
Therefore, we obtain the family of classical transcendental solutions of Sy in Theorem 12 .21 

4.2 From Py to Pm 

From Py, we can obtain two coalescence limits. First, we consider the Painleve III equation 

which is equivalent to the Hamiltonian system 

with the Hamiltonian 

H = 29V - [2r/ootg' + (200 + 1)9 + 27?ot] p + t1oo{6o + 6oo)tq. (4.13) 
This system can be derived from Sy by putting 

q^l + £tq, p-^e'^r^p, ^^77o£^^ H~^]-{H + qp) 

2 (4.14) 

Koo — > -7?ooe~"^ + 6*00, to ^ ??ooe~\ 9^60, 
13 



and taking the limit as £ — s- 0. 

Let us apply the limiting procedure to the family of classical transcendental solutions of Sy given in 
Theorem 12. 21 It is easy to see that by putting 

a ^ -rio^e~^ + c, (4-15) 

Sv with 12.40|l is reduced to Sm with 

9r^ ^ iy + n + 1, 00 = -iy + n~l, (4.16) 
in the limit as e ^ 0, where we denote c — v+1. Without loss of generality, it is possible to set 

^oo = |, m = \. (^ = ±1)- (4.17) 

Then, we find that 



where Z^, = Z^{t) denotes 



F{a,c;t)^r{i^ + 1)[^] Z^t), 



Ju ■ Bessel a = +1, 

Ii, : modified Bessel cr = — 1. 



(4.18) 



(4.19) 



This means that Kummer's function is reduced to the (modified) Bessel function in this limit. Thus, we 
get 



with 

This leads us to 

where t^'^^ are defined by 



(-!)■" (|.-') 



(n— l)n 



2 



(4.20) 
(4.21) 
(4.22) 



n 


^% 


(2) 


(n-1) 
(») 






(") 


(2n-2) 



(4.23) 



Therefore, from Theorem l2.2l and Remark 12.31 we obtain the following proposition |13|. 
Proposition 4.1 (Okamoto) We define the functions r,j hy \4.2!^ . Then, 

+ 1 — n \ 



q = a- 



n+1 71 

'n 'n+1 



#log^ 
dt ri" 



+ n + 



t 



P 



1 T-i'+i^'^+i 
2t t^+'^t"^^ ' 

Tn In 



1, 9q = -u + n — I, 
with \4.1'I\j gives a family of classical transcendental solutions of Sm. 



(4.24) 
(4.25) 
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4.3 From Py to Piy 

Next, we consider the Painleve IV equation 



which is equivalent to the Haniiltonian system 
with the Hamiltonian 

H = qp^- (g2 + tq + Kq)p + O^q. (4.28) 
This system can be also derived from Sy by coalescence. This process is achieved by putting 



g ^ eg, p 



(4.29) 



and taking the limit as e ^ 0. 

Let us consider the degeneration of the classical transcendental solutions of Sy. Applying the 
Backlund transformation tt^ to the solutions in Theorem 12. 21 we obtain the following corollary. 

Corollary 4.2 We define the functions t^^ by \2.3b]) . Then, 

1.0 0,1 ' , „ 0,0 0.0 0.0 ' (4-30) 

'71+1 ^ ^ 'n+l 'n+l 

Koo = c — a, kq = a + n, 9 ^ c — n — 2, (4-31) 
gives a family of classical transcendental solutions of Sy. 
It is easy to see that by putting 

c^£"2 + a, (4.32) 

Sy with H4.31|l is reduced to Sjy with 

Kq = —ly + n, 9oo — —V — 1, (4.33) 
in the limit as e ^ 0, where we denote a — ~~v. We find that 

^-^^F{a, c; t) ^ {-e)-^H,{t\ (4.34) 

r(c) 

where H^{t) denotes the Hermite- Weber function. By a Kummer transformation 

F{a -c+ 1,2 ~c;t)^ e*F(l - a, 2 - c; -t), (4.35) 

we get 

-^t^'^Fia - c + 1,2- c;t) ^ {-isy-^e- H^^^i{it). (4.36) 



r(2-c 
Thus, we have 



^k,j ^ {-er"^" fcir(-z. + k)H,-k{t) + C2e^"(-'^+'=-i)/2e^iI_,+fc_i(zi)l . (4.37) 
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Let us rewrite this expression in terms of the hyperbohc cyhnder function (t) . Noting the relations 



and 

we get 
with 

This leads us to 

where r^"'^ are defined by 

u — k 



27r 



k 



f^-k = Ci 



Dy-k{t) 
T{v-k + l) 



- — n{n—l)-kn v — k 



ek 












& 


€lk 


• ^^:2k 










^^k •• 











Therefore, we obtain the following proposition. 

Proposition 4.3 We define the functions t'^^^ by \4-4'^ - Then, 



dt 



n n+1 / I 1 \ n n+1 

~n+l 'n+l'n 

Kq = —V + n, Orx, = — 1, 

gives a family of classical transcendental solutions of Siy. 

The direct derivation of this proposition is given in Appendix. 



(4.38) 
(4.39) 

(4.40) 
(4.41) 
(4.42) 



(4.43) 



(4.44) 
(4.45) 



Remark 4.4 A special case (c2 = 0) of Proposition \J7^ is stated in In J^, the case of v £ Z, where 
the T-functions are reduced to some polynomials, is discussed. 



4.4 From Pm to P 



II 



Both Pin and Pjv go to Pn by coalescence. First, we consider the degeneration from Sm to Su, which 
is achieved by putting 



q->l + eq, p^e ^p, Bo ^ 2e ^ + a^'^\ 



3 . ^(2) 



and taking the limit as £ ^ 0, where we set a = ^ (a^^^ + a^^ 



(4.46) 
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Let us consider the degeneration of the family of classical transcendental solutions. From H4.46|l . it 
is the case of cr = 1 (the Bessel function) that we can take the degeneration limit. By the relation 

= cos(i/7r) - sin(i/7r)y^, (4.47) 

we rewrite fv+j I4.21|l as 

^v+'j = ciJi^+j + C2Y^+j. (4.48) 
Then, from (14.46(1 . we see that by putting 

V = -2e"3^ (4.49) 
Siii with 14.25|) is reduced to Sn with a — n. It is known that we have 

J^{i' + zv^) = 23zy-^Ai(-2^z) + 0(i^"^), 
Y^{iy + zvi) = -2^i/"^Bi(-23z) + 0(i/"^), 
which lead us to 

J,{t) ^ -eAi{t) + 0{e^), Y,{t)^eBi{t)+0{e'^). (4.51) 

Thus, we get 

^e"(-2£-2)(«-i)"^^^ (4.52) 
where the functions r„ are defined by (|1.13|) . Therefore, we obtain ProDOsition ll.il 

4.5 From Piv to Pn 

It is well known that the Hamiltonian system Sn is also derived from Siv by degeneration. This process 
is achieved by putting 



(4.50) 



£-^(l-£"q), p-^-ep, -2e-^ [l + ^eH] , 



(4.53) 



Ko 



and taking the limit as £ — > 0. 

Let us consider the degeneration of the classical transcendental solutions. Applying the Backlund 
transformation tt to the solutions in Theorem lA.2l we obtain the following corollary. 

Corollary 4.5 We define the functions by j^.^^] ). Then, 

" 1 '''n+l , '''n+l'''n-l r. rA\ 

'n ~n Tji 

Ko = v + l, 6*00 = (4.55) 
gives a family of classical transcendental solutions of Siy. 

It is easy to see that by putting 

(4.56) 

Siv with H4.55|l reduced to Sn with a = n in the limit as £ ^ 0. 

Let us consider the degeneration of classical transcendental solutions. According to 0, we find that 
the parabolic cylinder function is reduced to the Airy function as 

r(^+f+l) ^ i-^f'^m, r(-i. - j)D^+,i-t) ^ i-sf^Aiiu^t), (4.57) 
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with uj = e^^^/'^. Thus, we have 

^ (-e)3V, (4.58) 

where Lp denote the general solution of Airy's differential equation. Normalizing the r-functions (|4.43|) 
as 

e"^?r^ (4.59) 

we get 

?;^+^' ^ (-e)-"("-i)+3j"^„, (4.60) 

where the functions t„ are defined by (|1.13|) . Therefore, we obtain Proposition ll.il 

Acknowledgment The author would like to thank Prof. Y. Haraoka, Prof. K. Kajiwara and Prof. 
M. Noumi for their helpful comments. 

A Classical transcendental solutions of the Painleve IV equa- 
tion 

A.l The symmetric form of the Painleve IV equation 

The symmetric form of Piv is given by [H] 



(A.l) 



canonical variables and parameters of Siv is given by 

9 = -/i, P = /2, Ko = ai, 0oo = -a2. (A. 2) 

The Backlund transformations of Piv are described as follows, 

Si{ai) ^ -Ui, Si{a.j) = Uj + Ui (j = i ± 1), 7r(aj) = a^+i, 

s^{fi)^h, s.if,) = f,±f (j=z±l), 7r(/,) ^^'^^ 

where the subscripts i — 0,1,2 are understood as elements of Z/3Z. The Hamiltonians hi of the system 
(|A.1|I are given by 

ai - a2 „ "1 + 2q;2 2ai + „ , . 

ho = /0/1/2 + ^ /o + ^ /i ^ /2, (A.4) 

and hi = 7r*(ft,o). Introducing the r-functions as hi = (logr^)', we find that the Backlund transforma- 
tions for the r-functions are described by 

s,{Tj)^Tj (i^j), Siin) ^ fi'^-^—^^!^, 7r(ri) r^+i. (A.5) 
The /-variables are recovered from the r-functions by 

„ nsiin) d Ti^i t 

Ti-lTi+l at Ti+l 6 



= /o(/i - 


f2 


) +"0, 




= /l(/2- 


fo 


)+«!, 


, d 
dt' 


= /2(/0 - 


fl 


) +"2, 


f q;i + q;2 




1 and fo - 


^fi + f2 = t. The 
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Let us define the translation operators Ti by 

Ti = 7rs2Si, T2 = sins2, To = S2Si7r, (A. 7) 

which commute with each other and act on the parameters a.; as 

Ti(ai_i) = Q!i_i + 1, Ti{ai) = - 1, Ti{aj) = aj {j ^ i ~ 1, i). (A. 8) 

Noting that T1T2T0 = 1, we set 

=ri''7^2(^o), kJeZ. (A.9) 

Then, we have from 





TkdTk+2,l+l 


d 


log 




t 


Tk+ld+lTk+l,l 


^ di 




+ 3' 














TkjTk+l.l + l 






3' 




Tk+l,l + lTk,l-l 


d 


log 


'^fc+l,i 1 


t 


Tk+l,lTk^l 


~ 'di 


Tk,l 


3' 



(A.IO) 



It is possible to derive the Toda equation with respect to each translation operator. For the Ti-direction, 
we have 



Tk+l,lTk-l,l 



A. 2 A Riccati solution 



(logrfe_ 



„ 2ai+a2-2k + l 



Tk,l-Tk,l. (A.ll) 



We derive a Riccati solution of l|A.l|l . First, we set ao = and fo — 0. Then, /i satisfies a Riccati 
equation 

/{ = + (A.12) 

By the dependent variable transformation /i — (log(y9)' + |, we have for ip the linear equation 

^-«i+2-4j^ = 0, (A.13) 

which is nothing but Weber's differential equation. We set ai = — Z). Then, the general solution 
of HA.13P is expressed by 

V = c,^^^^+C2r{-,.)D,{-t), (A.14) 

where Ci (i = 1, 2) are arbitrary complex constants. By using the contiguity relations of the hyperbolic 
cylinder function, we obtain the following proposition. 

Proposition A.l We define the function Lp^-k by ^4.41]) - Then, 

(/o,/i,/2)= fo,^,(i^ + l)^V (ao,ai,a2) = (0,-i^,z.+ l), (A.15) 



gives a Riccati solution of the symmetric form of Piy . 
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A. 3 A Determinant formula for a family of classical transcendental solutions 

First, we calculate the Hamiltonians and r- functions for the Riccati solution in Proposition lA.il Under 
the specialization (|A.15I) . the Hamiltonians and t- functions are calculated as 



and 



tq = To,o = cxp 

So(t-o) = T2.1 = 0, 

si(ti) = ro,i = (fi^^i exp 



n =7-1,0 = exp 



V 

2= 



T2 = Ti,i = exp 



6 



si{t2) = tq-x = {v ^ l)<y5,y+i exp 



6 



2^2 



up to multiplication by some constants, respectively. Introducing the functions a^^i by 



Tk,i = crk,i exp 



6 



we see that 
Moreover, we set 



<^2,i = 0, ai^i = const., ao,i = (const.) x e " (pu-i- 



<7k,l — i^kdPk,l, tOk,l — i^k,l{l^), 

with pi^i ~ 1 and po,i = e * ^v-u and impose that the constants LLjk,i satisfy 

2 

From the Toda equation (|A.lip . the function pk^i are determined by 

Pk+i,iPk-i,i = p'k,iPk,i - {p'k,iT^ 

with the initial conditions 

P2,i = 0, pi.i = 1, poj = e 4 
By Darboux's formula, the functions pi-n,i for n G Z>o are expressed as 

(0) (1) (n-l) 

Pq.i Po,i ' ■ ■ Po,i 

(1) (2) («) 
^0,i Po,i ' ' ' ^0,i 



Pl-n,l 



(n-l) (n) (2n-2) 



Po'i 



Po,i- 



Note that the constants ujk,i are determined by the recurrence relations (|A.2ip and 



(A.16) 



(A.17) 



(A.18) 

(A.19) 
(A.20) 

(A.21) 

(A.22) 
(A.23) 



(A.24) 



(A.25) 



with the initial conditions = oji^i = 1 (i = 0, 1). Since it is possible to set / — without loss of 
generality, we obtain the following theorem. 
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Theorem A. 2 We define the functions t^^ ^ by Then, 

'n 'n+1 _ " 1 



'^n'''n+l ''n+1 

{ao, ai, 02) = {~n, ~v + n,v + I) , (A. 27) 



'n'n+l " , 'n+1 / , i\'n 'ri+1 " , ~n , , f\ oo^ 

^7—1;^ = -^ log ^=(^^ + 1) =^10871^+^. (A.28) 

T„_|_l7>i T,i 'n'n+l 'n+1 

KQ = -iy + n, 6cc = -v-l, (A. 29) 



gives a family of classical transcendental solutions of the symmetric form of Piy and the Hamiltonian 
system Siy, respectively. 
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